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Abstract: Routine word problems are thoroughly described and categorized to combine,
change, and compare problems. This paper investigates how 2nd, 4th, and 6th-grade students
solve integrated combine and compare problems. We used the integrated combine and compare
problems with consistent language (CL) formulation, inconsistent language (IL) formulation, or
more complex structure. Our research sample consists of 44 students in 2™ grade, 48 students
in 4™ grade, and 42 students in 6th grade from schools in Belgrade. The results show that stu-
dents are more successful in solving problems with CL than with IL formulation at all levels of
education. Students from the 2nd, 4th, and 6th grade are equally successful in solving the CL
problem. The surprising result is the nonexistence of a significant difference in the achieve-
ment of students in 4th and 6th grade on the IL problem, which could indicate an obstacle in
the development of relational term understanding after introducing algebra into mathematical
education. Low achievement on the problem with more complex structure showed that students
have issues with the modeling process and that they are not eager to use algebraic strategies
or graphical representations. These results imply a need for a systematic approach to teaching
routine problems after introducing algebra in mathematics education.

Keywords: word problems, combine problems, compare problems, problem solving strat-
egies, mathematical education.

INTRODUCTION

There are numerous reasons why word problems have been at the center
of research in mathematics education for the past few decades. One of them is in
their twofold use: they could be used as routine problems to facilitate the devel-
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opment of the conceptual knowledge of basic arithmetic operations (Carpenter
1986; Carpenter, Hiebert, Moser 1981; Schroeder, Lester 1989), or they could be
used as non-routine problems in the way that facilitates mathematical thinking and
mathematical literacy in general (Verschaffel et al. 2010; Van Dooren et al. 2010).
The categorization of routine problems with one operation to combine, change,
and compare problems is broadly described in the literature, and every type of
problem is separately investigated (Cummins et al. 1988; De Corte, Verschaffel,
De Win 1985; Morales, Shute, Pellegrino 1985; Riley, Greeno, Heller 1983). Re-
search confirmed that compare problems are the most difficult for students (e.g.,
Carpenter, Moser 1984; Cummins et al. 1988; Nesher, Greeno, Riley 1982; Stern
1993). In addition, compare problems are analyzed by the aspect of their language
consistency. A compare problem with consistent language (CL) formulation is less
challenging to the students than a compare problem with inconsistent language (IL.)
formulation. Even though combine problems are less complicated for the students
than change and compare problems, there are also different types of combine prob-
lems that could be less or more challenging to the students (Riley, Greeno 1988).

It is still uninvestigated how students at different education levels solve prob-
lems created by the integration of the combine and compare problems. As we have
stated, both types of problems are routine, but there are two issues that integra-
tion could bring into problem solving: 1) language consistency of the compare
problem; 2) more complex structure of the combine problem. In this paper, which
is part of broader research, we investigate the achievement and strategies of the
students at different levels of education (2nd, 4th and 6th grade) on the integrated
combine and compare problems (here referred to as combine-compare problems).
Students at these levels of education have diverse mathematical skills. It is essential
to understand obstacles that students at each level of education have in combine-
compare problem solving and give implications for their overcoming. In their future
mathematics education, solving these problems would become just a tool for solv-
ing more complex routine and non-routine problems. Hence, it is important that
students can solve them correctly and efficiently.

THE CATEGORIZATION OF WORD PROBLEMS WITH ONE
OPERATION

One of the most used definitions is that word problems are verbal descrip-
tions of a problem situation in which the answer could be given by performing
mathematical operations on numerical data provided in the text of the problem
(Verschaffel, Depaepe, Van Dooren 2014). The above-mentioned routine word
problems that could be solved with one mathematical operation (in one step) were
key components in mathematics curriculums for elementary schools worldwide.
They are considered the basis for learning in mathematics classrooms; hence the
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voluminous research in the 80s and 90s was focused on problems with one op-
eration and their characteristics, categorization, process of solving, and impact on
students’ thinking.

The basic categorization of word problems with one operation (addition or
subtraction) appeared at the beginning of the 80s. Numerous empirical studies with
children aged five to eight showed that even if problems could be solved with the
same arithmetic operation, they belong to different semantic categories, which sug-
gests that different strategies for representing and solving problems trigger different
types of mistakes (Fuson 1992). Based on the semantic structure and situation de-
scribed in the text of the problem, they are classified into three categories: combine,
change, and compare problems (Cummins et al. 1988; De Corte, Verschaftel, De
Win 1985; Morales, Shute, Pellegrino 1985; Powell et al. 2009; Riley, Greeno, Hel-
ler 1983; Verschaffel 1994). The categorization served as a guideline for numerous
future research studies. The other aspect of categorizing word problems is whether
they describe static or dynamic situations (Carpenter, Hiebert, Moser 1981). We
provide the examples by De Corte and Verschaffel (1986) that explain the differ-
ence between the three categories and the relationships (dynamic/static) in Table 1.

Table 1. Categorization of word problems — semantic structure and dynamic of the situation.

Type Example Situation

Change Pete had 3 apples. Dynamic situation —implied action in which
Ann gave him 5 more apples. How many one set is joined to another;
apples does Pete have now? Two entities are the subset of the third.

Combine Pete has 3 apples. Static relationship;
Ann has 5 apples. Two entities are the subset of the third.
How many apples do they have altogether?

Compare Pete has 3 apples. Static relationship;
Ann has 8 apples. One of the sets described in the problem
How many apples does Ann have more than is completely disjoint from the other two
Pete?

Riley and Greeno (1988) investigated the achievement of students of differ-
ent ages in solving problems in all three categories. Students were more successful
in the combine word problems than in change word problems and least successful
in the compare word problems. Many studies also confirm that compare prob-
lems are the biggest challenge for students (Briars, Larkin 1984; Carpenter, Moser
1984; Cummins et al. 1988; Morales, Shute, Pellegrino 1985; Nesher, Greeno, Ri-
ley 1982; Okamoto 1996; Riley, Greeno 1988; Riley, Greeno, Heller 1983; Stern
1993).

Research also deals with further analysis and categorization of change, com-
bine, and compare problems (Riley, Greeno 1988).
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The change problems are subcategorized according to whether the result,
change, or start value is unknown. We will not represent the classification of
change problems because they are not used in our research.

For the combine problems, classification is made according to the position of
the unknown entity set. There are two types of these problems: problems with the
unknown combination (the total number or the whole) and problems with an un-
known subset (part). Some of the examples provided by Riley and Greeno (1988)
that have linguistical forms like the one we used in this research are presented in
Table 2.

Table 2. Categorization of combine and compare problems.

Category Subcategory Example
Combine Combination (the total number or the (1) Joe has 3 marbles. Tom has 5 marbles. How
problems whole) unknown many marbles do they have altogether?

Subset (part) unknown (2) Joe and Tom have 8 marbles altogether. Joe
has 3 marbles. How many marbles does Tom
have?

Compare Difference unknown (3) Joe has 5 marbles. Tom has 8 marbles. How
problems many marbles does Tom have more than Joe?

Compared quantity unknown (4) Joe has 3 marbles. Tom has 5 more marbles

than Joe. How many marbles does Tom have?

Referent unknown (5) Joe has 8 marbles. He has 5 more marbles
than Tom. How many marbles does Tom have?

There are three types of compare problems: when the difference set is un-
known, when the compared set is unknown, and when the referent set is unknown
(Table 2). In other words, in combine problems, any of the entities (the difference,
the compared quantity, or the referent) can be left to the students to find. Students
are most frequently asked to find the unknown difference. Even if all three types
of problems represent the same relationship, the most difficult for the students are
the ones with unknown referents; the problems with unknown compared quanti-
ties and the problems with unknown differences seem to be the least difficult for
the students (Schumacher, Fuchs 2012). One of the reasons why problems with
an unknown referent are the most difficult type of compare problem is that they
require an understanding of the symmetrical relationship between relations more
than and less than (Stern 1993).

Another approach to classifying compare word problems is based on lan-
guage formulations. Lewis and Mayer (1987) describe two types of problems: con-
sistent language problems (CL) and inconsistent language problems (IL). In CL
problems, the mathematical operation can be easily discovered using the relational
term (key term, keyword). For example, if the relational term is more than, the
task’s solution is adding quantities. In contrast, in IL problems, the mathematical
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operation could not be found by keyword. For example, a problem contains more
than, but it must be solved by subtraction. In Table 2, problem (4) is a CL problem
and problem (5) is an IL problem. We can see that compare problems with an
unknown compared quantity have CL formulation and compare problems with a
referent unknown have IL formulation.

OBSTACLES IN SOLVING COMPARE WORD PROBLEMS

There are several hypotheses about the source of the difficulties in solving
compare problems. Many researchers (Schumacher, Fuchs 2012; Riley, Greeno,
Heller 1983; Riley, Greeno 1988; Resnick 1983; Okamoto 1996; Okamoto, Case
1996) emphasize that younger students could not understand that the difference
between the number of elements of two sets could be expressed in parallel ways
by using terms more and less. Younger students lack knowledge and experience
with language describing quantities’ relations. Hence, there is research that implies
that students have to learn about the symmetry of the comparison — that sentences
“Monica has 11 goats less than Martin”, and “Martin has 11 goats more than Monica”
can be used to describe the same situation (Okamoto 1996; Okamoto, Case 1996).

Second, the semantical relations between known and unknown quantities
could be less or more explicit, which could bring difficulties in understanding the
situation described in the problem (De Corte, Verschaffel, De Win 1985; De Corte,
Verschaffel, Pauwels 1990; Marzocchi et al. 2002; Verschaffel, De Corte, Pauwels
1992). For successful problem solving, it is essential to understand the situation and
these semantical relations (Cummins 1991; Cummins et al. 1988; Kintsch 1988;
Kintsch, Greeno 1985).

The third and the most researched hypothesis about the difficulties in solving
compare problems is in the consistency of the relational term (i.e., keyword — more
than or less than) used in the problem and the mathematical operation needed
for its solving. There are two approaches to solving compare problems (Hegarty,
Mayer, Monk 1995). In the first approach, students automatically translate more
than into addition and less than into subtraction and develop a solving plan that im-
plies combining the numbers given in the problem and translated operations. This
approach, which is a superficial problem-solving strategy, is related to unsuccess-
ful problem solvers. Researchers refer to this approach differently, as: “compute
first and think later” (Stigler, Lee, Stevenson 1990: 15), keyword method (Briars,
Larkin 1984), and number grabbing (Littlefield, Rieser 1993).

Riley, Greeno, and Heller (1983) state that students intuitively rely on the
automatically activated rule — add if the relation is ‘more’ and subtract if the relation
is less’. In some word problems, this approach really leads to the correct solution;
the numbers and keywords from the text can be translated directly into mathemati-
cal expressions, but with these problems, students only practice computing skills
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and imitate the problem-solving process without using conceptual understanding
and logical thinking (Lithner 2008; Boesen et al. 2014). In other words, students
using this approach do not construct an adequate situational and mathematical
model of a problem.

The other approach, related to successful problem solvers, requires con-
structing a situational model and using an adequate strategy for its solving. Ac-
cordingly, many studies started investigating language consistency in the compare
problems.

As we previously mentioned, Lewis and Mayer (1987) recognized two paral-
lel types of problems: CL and IL problems. They confirmed that students gener-
ally make more mistakes on IL problems than on CL problems, especially when
they choose the mathematical operation. In IL problems, they tend to choose the
opposite operation. This is called the consistency effect which is investigated and
confirmed in many studies (Hegarty, Mayer, Green 1992; Hegarty, Mayer, Monk
1995; Stern 1993; Verschaffel 1994; Verschaffel, De Corte, Pauwels 1992; Lewis,
Mayer 1987; Hegarty, Mayer, Green 1992; Lewis 1989; Verschaffel, De Corte,
Pauwels 1992; Pape 2003; Van der Schoot et al. 2009).

We can question and investigate if the consistency effect is related to stu-
dents’ age. Stern (1993) conducted two studies in which he investigated the stu-
dents’ understanding of the symmetry of terms more and less in solving compare
problems with the unknown referent. In these studies, he presented pictures to first
graders and asked the students to pair them with relational sentences. For example,
students had to state which of the sentences were correct: “there are 2 more cows
than pigs”, and “there are 2 pigs less than cows”. Even if students understood the
meaning of the sentences, they did not understand that both relations (more and
less) can be used to express the same relationship. Studies also showed that low stu-
dent achievement on this task was related to their ability to solve compare problems
with the unknown referent. As the studies show, one of the possible reasons for
difficulties in compare problems is students’ incomprehension of relational termi-
nology. Elementary school students do not have the conceptual knowledge needed
for a complete understanding of compare problems, which could explain their
difficulties in solving this type of problem (Cummins et al. 1988; Riley, Greeno,
Heller 1983). They do not have the ability to understand and process the meaning of
the problem and recall the adequate problem structure (Koedinger, Nathan 2004).

The findings of Boonen and Jolles (2015) were different. They researched
why second graders had more difficulties with compare problems than with com-
bine and change problems. As was expected, students made more mistakes on com-
pare problems than on the other two types, but surprisingly they did not confirm
the consistency effect. The second graders in this study were equally successful
in solving CL and IL problems. The explanation they provided for these results
is that students generally showed difficulties processing the relational terms more
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than and less than, which could be the reason for the results not confirming the
consistency effect.

Later research investigated the consistency effect on students in higher grade
levels and university (Pape 2003; Van der Schoot et al. 2009). The effect is con-
firmed with university students (e. g. Hegarty, Mayer, Monk 1995; Lewis 1989;
Lewis, Mayer 1987), higher grade level students (Van der Schoot et al. 2009), and
lower-level grade students (Boonen, Jolles 2015; Mwangi, Sweller 1998; Schu-
macher, Fuchs 2012; Willis, Fuson 1988). These results raise a question as to
whether younger students’ difficulties with solving compare problems are caused by
the formulations of IL problems or by a general lack of understanding of relations
in both IL and CL problems.

Research that is somewhat more recent (Nesher, Hershovic, Novotna 2003)
investigates compare problems with higher complexity. These problems include
comparing three quantities instead of two and relations between them. As we pre-
viously stated, the difficulties with simple problems (with two entities) occur be-
cause of 1) language consistency, 2) lack of understanding of the symmetry of the
operations, or 3) the different structure when the referent or the compared value
is unknown. The difficulties are even greater on problems with higher complexity
because there are two comparisons in a single problem. The results of research by
Nesher et al. (2003) imply that students’ achievement depends on the structure of
each problem. It is not emphasized, but the examples used in this study integrated
combine and compare problems, to which we refer as combine-compare prob-
lems. This integration enables the creation of numerous problems with the different
structures. Similarly, when integrating combine and compare problems with two
quantities (compared quantity and referent quantity), we can create problems with
simple or complex structure.

METHODOLOGY

The study presented in this paper is a part of more extensive research that
investigates the students’ achievement on and strategies for combine-compare prob-
lems. The aim of the study is to investigate if the students’ understanding of rela-
tional terminology (terms “more than” and “less than”) develops with the students’
age and if the development is accompanied by greater success in solving problems
with more complex structures. For this purpose, we analyzed the subcategories of
combine and compare word problems and made three integrations: 1) problem
with CL formulation; 2) problem with IL formulation; 3) problem with complex
structure. Specifically:
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Problem A. CL formulation — CL compare problem and combine problem
with an unknown combination (total) number:

Joca has 32 marbles, and David has 20 marbles more than him. How many do
they have together?
Subproblem 1: Compare word problem with CL formulation
Finding the number of David’s marbles
Subproblem 2: Combine word problem with an unknown combination
Finding the total number of marbles

Problem B. IL formulation — IL compare problem and combine problem
with an unknown combination (total) number:

Zoka has 32 marbles, which is 20 marbles less than Angela. How many marbles

do they have together?
Subproblem 1: Compare word problem with IL structure
Finding the number of Angela’s marbles
Subproblem 2: Combine word problem with an unknown combination
Finding the total number of marbles

Problem C. Complex structure — compare problem and combine problem
with an unknown subset:

Zoka and David have 84 marbles in total. David has 20 marbles more than Zoka.
How many marbles does each child have?

Subproblem 1: Combine word problem with an unknown subset

Subproblem 2: Compare word problem

Problems A and B have a simple structure, and the difference between them
is in the consistency of the language. Problem A is a CL problem that can be solved
with the keyword method (Briars, Larkin 1984; Hegarty, Mayer, Monk 1995; Lit-
tlefield, Rieser 1993; Riley, Greeno, Heller 1983; Stigler, Lee, Stevenson 1990).
Problem B is an IL problem whose solution implies knowing the symmetry of
language and operations (Stern 1993). On the other side, Problem C has a more
complex structure. It contains a combine problem with an unknown subset. The
solution to this problem requires using more sophisticated strategies for solving.
The language consistency is irrelevant in this integration.

The sample for our research consisted of 2nd, 4th, and 6th-grade students.
Students at this age can use different problem-solving strategies: the 2nd graders
are familiar with arithmetic strategies of solving; 4th graders can use basic alge-
braic notation and a small number of solving strategies, while 6th graders can use
algebraic strategies for solving.

We operationalized the aim through the following research questions:
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1. What is the achievement of students in certain grades (in 2nd, 4th and 6th
grade) on CL and IL problems, and are there differences in the achievement on
CL versus IL problems?

2. Is students’ achievement on IL and CL problems related to the students
level of mathematics education (i.e., the grade students attend)?

3. Is students’ achievement on the problem with the more complex structure
related to the students’ level of mathematics education (i.e., the grade students
attend)?

4. What are students’ strategies for solving combine-compare problems, and
what are the most common mistakes they make?

s

Based on the results of previous research directed at students’ achievement
on combine and compare problems, we formulated the following hypotheses:

1. Students will have higher achievement on CL problems than on IL prob-
lems at all levels of education.

2. Students’ achievement in solving IL. and CL problems will be related to
the level of students’ education, especially on the problem with a more complex
structure.

3. Students’ achievement in solving the problem with a more complex struc-
ture will be related to the level of students’ education, especially on the problem
with a more complex structure.

4. Sixth-grade students will use algebraic strategies when solving problems
with more complex structures, while younger students will use arithmetic strategies.
We expect that the most common mistake will be using the keyword approach on
IL problems and that younger students will use it more frequently.

The research sample consists of 134 students from one primary school in
Belgrade that cooperates with the researchers’ institution. Students are from two
classes of 2nd grade (44 students), two classes of 4th grade (48 students), and two
classes of 6th grade (42 students). They did not have a time limit to solve problems
A, B, and C.

We used the Chi-square independence and homogeneity test to analyze the
relationships between variables and differences in achievement. To express the
strength of the association, we used Cramer’s V coefficient.

RESULTS

The achievement of students on the CL problem (problem A) and IL prob-
lem (problem B) is presented in the Table 3.
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Table 3. The students’ achievement on CL and IL problems

Grade Correct Incorrect Missing Total
Consistency CL IL CL IL CL IL
2 36 16 8 28 0 0 44
81.8% 36.4% 18.2% 63.6% 0.0% 0.0% 100.0%
4 43 33 5 15 0 0 48
89.6% 68.8% 10.4% 31.3% 0.0% 0.0% 100.0%
6 36 28 4 13 2 1 42
85.7% 66.7% 9.5% 31.0% 4.8% 2.4% 100.0%
Total 115 77 17 56 2 1 134
85.8% 57.5% 12.7% 41.8% 1.5% 0.7% 100.0%

We used the Chi-square homogeneity test to examine if there is a differ-
ence in the achievement on the CL versus the IL problem. The results of the test
presented in Table 4 showed that students’ achievement was significantly better on
the CL than on the IL problem in 2nd grade (p = .000), in 4th grade (p = .012),
and in 6th grade (p =.016).

Table 4. The results of the Chi-square homogeneity test in investigating the difference on CL
versus IL problem

Grade n df Chi square (n, df) p
2 88 1 18.803 .000
4 96 1 6.316 .012
6 81 1 5.753 .016

Furthermore, we applied the Chi-square test of independence to examine the
relationship between students’ achievement on CL (and IL) problems and level of
education. For the CL problem, the test did not show the existence of a significant
relationship y? (134, 2) = 1.658, p = 0.437. In Table 3, we can see that across the
whole sample (134 students), about 85% of students solved CL problems correctly.

For the IL problem, the Chi-square test of independence showed a statisti-
cally significant relationship between the students’ achievement and level of edu-
cation y? (133, 2) = 12.507, p = 0.002, with moderate strength of association r =
.307 (Cramer’s V coefficient). Further analysis of students” achievement (Table 5)
showed that there is no significant difference in students’ achievement in 4th and
6th grade (p = .963), but that there are differences between the students’ achieve-
ment in 2nd grade versus 4th grade (p = .003) and 2nd grade versus 6th grade (p
= .002). The results shown in the achievement table (Table 3) imply that about
one-third of 2nd graders solved the IL problem correctly, and about two thirds of
4th graders and 6th graders solved this problem correctly.
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Table 5. The Chi-square test results when examining the relationship between success and
the age of students by grade pairs on a task with inconsistent wording (IL).

Comparison beetwen grades Chi-square p r
2nd and 4th X2 (92,1)=9.673 0.003 0.319
2nd and 6th X (85, 1) = 8.665 0.002 0.324
4th and 6th X*(89,1) =0.002 0.963

We have also analyzed the incorrect responses on CL and IL problems. The
2nd graders produced a greater number of errors on CL (18.2%, Table 3), and on
IL (63.6%, Table 3) problems than 4th and 6th graders (who produced about 10%
on CL and about 31% on IL problems, Table 3). In Table 6 we are presenting the
analysis of incorrect responses on CL and IL problems. Students who did not solve
the CL problem correctly mainly just added numbers from the text of the problem
(11.4% of 2nd graders and 9.5% of 6th graders, while this number was smaller in
4th grade — 4.2%).

On the IL problem, 2nd graders also gave the biggest number of incorrect re-
sponses, but this time the error was in the relation term (50%, Table 6). The number
of relation term errors was smaller in the 4th and 6th grades (31.3% and 26.2%).

Table 6. The categorization of students’ incorrect responses on CL and IL problem

Grade Uncategorized Just add numbers Relation term error Total

CL IL CL IL CL IL CL IL

2 3 4 5 2 / 22 8 28
6.8% 9.1% 11.4% 4.5% 50.0% 18.2% 63.6%

4 3 0 2 0 / 15 5 15
6.2% 0.0% 4.2% 0.0% 31.3% 10.4% 31.3%

6 0 0 4 2 / 11 4 13
0.0% 0.0% 9.5% 4.8% 26.2% 9.5% 31.0%

The students’ achievement on the problem with complex structure is given
in Table 7.

Table 7. Student achievement on a task with a more complex structure

Grade Correct Incorrect Missing Total

2 4 34 6 44
9.1% 77.3% 13.6% 100.0%

4 14 21 13 48
29.2% 43.8% 27.1% 100.0%

6 25 15 2 42
59.5% 35.7% 4.8% 100.0%

Total 21 43 70 134
15.7% 32.1% 52.2% 100.0%
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The Chi-square test showed a significant relationship between students’
achievement and age y? (134.2) = 32.662, p = 0.000, with moderate strength of
association r = .349 (Cramer’s V coefficient). Further analysis showed that there
are differences between every pair of different grades (Table 8). From Table 7
that shows students’ achievements, it can be seen that almost 10% of 2nd graders,
almost 30% of 4th graders, and almost 60% of 6th graders solved this problem
correctly.

Table 8. The Chi-square test results when examining the relationship between success and
age of students by grade pairs on a task with a complex structure

Comparison beetwen grades Chi-square p r

2nd and 4th X*(92,2) =11.054 0.004 0.347
2nd and 6th X2 (86,2) =24.541 0.000 0.534
4th and 6th X*(90, 2) =11.822 0.003 0.362

Analysis of incorrect responses implies that students used superficial strate-
gies. Second-grade students mainly used superficial strategies (almost 40%), while
4th and 6th-grade students made this mistake in roughly 8% and 7% of responses,
respectively (Table 9).

Table 9. Students’ mistakes when solving a task with a complex structure

Grade Uncategorized Superficial strategy Error in relational term Total

) 17 17 0 34
38.6% 38.6% 0.0% 77.3%

4 16 4 1 21
33.3% 8.3% 2.1% 43.8%

6 12 3 0 15
28.6% 7.1% 0.0% 35.7%

Both problems, with CL and IL formulation, could be solved using arith-
metic strategy by performing arithmetical operations on numbers provided in the
text of the problem. A task with a more complex structure allowed students to use
different arithmetic and algebraic strategies. However, the algebraic strategy was
used in a small number of cases: 2 (4.1%) 4th-grade students used an algebraic
strategy, and 3 (7.1%) 6th-grade students (2 of whom only wrote the relations with
symbols, then continued with the arithmetic strategy). However, we recognized
different arithmetic strategies used by students:

1. Start from equal sets strategy, in which students start from the equal sets
and make a difference between (e.g. 84 : 2 + 10);

2. Start from the difference between sets strategy;

3. Guessing the quantities based on the solution of CL and IL problems.
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The frequency and percentage of each strategy are provided in Table 10.

Table 10. Arithmetic strategies of students when solving a task with a complex structure

Grade Start from equal sets Start from the difference Guessing the quantities
between sets

2 1 2 0
2.3% 4.5% 0.0%

4 8 7 5
16.7% 14.6% 10.4%

6 11 13 7
26.2% 31.0% 16.7%

In addition to choosing a strategy, we were also interested in which strate-
gies lead to the correct solution in most cases. Table 11 shows that the strategy that
starts from the difference between the sets leads to the correct solution in more
cases: 73% of the students who used this strategy solved the problem correctly,
against 45% of the students who used the start from equal sets strategy.

Table 11. Choice of strategy and accuracy of completed tasks with a more complex structure
on the entire sample (2nd, 4th and 6th-grade students)

Start from equal sets Start from the difference between sets
Correct 9 16
45.0% 72.7%
Incorrect 11 6
55.0% 27.3%
Total 20 22
100.0% 100.0%

DISCUSSION

Even though combine and compare problems and their integration are wide-
spread in primary school mathematics, two aspects of integration need to be illu-
minated. First is the aspect of language consistency that compare problem brings
to the integration, and the second is the problem of a more complex structure for
cases in which the combine problem has an unknown subset.

Our first two research questions refer to language consistency — the achieve-
ment on CL and IL problems at different levels of education (2nd, 4th, and 6th
grade) and the relationship between achievement and the levels. As we posed in
the theoretical part of the paper, previous research in compare problem solving
is mostly focused on the understanding of relational terms (Schumacher, Fuchs
2012; Riley, Greeno, Heller 1983; Riley, Greeno, 1988; Resnick 1983; Okamoto
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1996; Okamoto, Case 1996; Cummins et al. 1988; Riley, Greeno, Heller 1983;
Stern 1993) with emphasis on language consistency (Hegarty, Mayer, Green 1992;
Hegarty, Mayer, Monk 1995; Stern 1993; Verschaffel 1994; Verschaffel, De Corte,
Pauwels 1992; Lewis. Mayer 1987; Hegarty, Mayer, Green 1992; Lewis 1989;
Verschaffel, De Corte, Pauwels 1992; Pape 2003; Van der Schoot et al. 2009). Our
results showed that students have significantly higher achievement on the CL prob-
lem (Problem A) than on the IL problem (Problem B) in each level of education
we investigated. This result is in accordance with previous research, which reports
the consistency effect on different levels of education (Schumacher, Fuchs 2012;
Riley, Greeno, Heller 1983; Riley, Greeno 1988; Resnick 1983; Okamoto 1996;
Okamoto, Case 1996; Pape 2003; Van der Schoot et al. 2009; Hegarty, Mayer,
Monk 1995; Lewis 1989; Lewis, Mayer 1987; Schumacher, Fuchs 2012; Willis,
Fuson 1988).

Our results also showed no significant relationship between students’ achieve-
ment on the CL problem and students’ level of education. Regarding this result, it
raises concern that about 15% of students in all grades did not solve the CL prob-
lem correctly (Table 3). These students do not have the conceptual knowledge
required to solve this problem (Cummins et al. 1988; Riley, Greeno, Heller 1983).
All the other problems that are more complex than the CL problem will stay out of
their reach, which could cause difficulties in their future mathematics education.

The results of the analysis of the IL problem show significant differences
between students’ achievement and level of education. The consistency effect is the
strongest in the 2nd grade (36% solved IL problem correctly, Table 3) but fades
in the 4th grade (69% solved IL correctly, Table 3) and in the 6th grade (67%
solved IL problem correctly, Table 3). Besides, the analysis showed no significant
difference between 4th and 6th graders’ achievement on the IL problem (Table 5).
Surprisingly, two years of teaching algebra and arithmetic did not influence the
level of understanding of relations between quantities.

We found two possible guidelines in the literature for improving achieve-
ment. First, Boonen and Jolles (2015) showed that instruction focused on develop-
ing the relations’ meaning and language symmetry can eliminate the consistency
effect. Our results show that explicit instruction seems to be necessary at all levels
of education, especially in the period from 4th to 6th grade, regardless of the results
of the research that imply that the development of understanding continues (spon-
taneously) in adolescence (Wassenberg et al. 2008). Second, a body of research
focuses on the benefits of graphical representations of problem structures by using
diagrams (Willis, Fuson 1988; De Koning et al. 2022) and expressing relations in
different ways (Stern 1993; Boonen, Jolles 2015; Schumacher Fuchs 2012; Riley
et al. 1983; Riley, Greeno 1988; Resnick 1983; Okamoto 1996; Okamoto, Case
1996). These representations could be used to improve students’ understanding and
achievement and reduce the consistency effect at higher levels of education.
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The analysis of students’ incorrect responses also supports the conclusion
that students did not develop a conceptual understanding of the relations needed
for solving CL and IL compare problems (Hegarty, Mayer, Green 1992; Hegarty,
Mayer, Monk 1995; Stern 1993; Verschaffel 1994; Verschaffel, De Corte, Pauwels
1992; Lewis, Mayer 1987; Lewis 1989; Pape 2003; Van der Schoot et al. 2009).
Several students solved the CL problem by adding all the numbers in the text of the
problem. Interestingly, this kind of incorrect response was seen more often in 2nd
grade (11.4%, Table 6) and 6th grade (9.5%) than in 4th grade (4.2%).

This kind of reasoning is described in the literature as “compute first and
think later” (Stigler, Lee, Stevenson 1990: 15), keyword method (Briars, Larkin
1984), or number grabbing (Littlefield, Rieser 1993). If the students read the term
more, they would respond by adding two numbers, without considering the context
of the situation. It is also interesting that students gave fewer incorrect responses
of this kind on the IL problem (4.5%, 0%, 4,8%, respectively, in 2nd, 4th and 6th
grade, Table 6).

As was expected, the greatest number of incorrect responses to the IL prob-
lem was rooted in the relational term. Half of the 2nd graders (50%, Table 6) made
an error in the relational term, while slightly less than a third of 4th and 6th graders
made this mistake (31% and 26.2%, respectively, Table 6). One of the examples
is shown in Picture 1.

Picture 1. The incorrect relational term in students’ responses
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The combine-compare problem with a more complex structure (Problem
C) is, in our opinion, cognitively challenging for 2nd graders. However, students in
the 4th grade, especially in the 6th grade, should have a well-organized and flex-
ible knowledge base that implies conceptual (e.g., using schematic representations
for different types of problems) and procedural knowledge (formal and informal
problem-solving strategies). Our results indeed show the statistical difference in
the achievement of the 2nd, 4th, and 6th graders on this problem (Table 8), but,
surprisingly, the success rate is low — slightly less than 10% of 2nd graders, slightly
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less than 30% of 4th graders, and slightly less than 60% of 6th graders solved the
task correctly (Table 7).

As expected, the incorrect responses show that the second graders had more
difficulties with the problem with complex structure (77.3% of incorrect responses,
Table 7) than students in 4th and 6th grade. They mostly tried to solve this problem
using the keyword method (Briars, Larkin 1984) (38.6% of students, Table 9), as
presented in the Picture. The 4th and the 6th graders mostly realized that the key-
word method would not bring them to the correct solution; only 8.3% and 7.1% of
students tried this method (Table 9).

Picture 2. Keyword method in solving problem with more complex structure
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The analysis of students’ strategies showed that only one student used graphi-
cal representation to solve the problem. This was not surprising for us because our
previous research showed similar results (Zelji¢, Dabi¢ Bori¢i¢, Mari¢i¢ 2021). On
the other hand, it is surprising that only a few students used algebra to solve the
problem — two of them in 4th grade and one in 6th grade (Picture 3). Two more
6th graders used algebraic symbols to represent relations in the problem, but they
continued to solve it with arithmetic (Picture 4). Khng and Lee (2009) already
noticed that many students return to arithmetic strategies of solving even if it was
explicitly stated to solve the problem using equations. They consider using algebra
for problem solving as moving forward to higher mathematics. Hence, students
need to practice algebra even if they know how to solve the problem with the
arithmetic method. We expected that 6th graders familiar with algebraic syntax and
equation solving methods would use algebraic strategies for solving the problem
with a more complex structure. In this context, the persistence in using arithmetic
strategies could be considered an inhibition for further algebra learning.

Picture 3. Algebraic strategy and graphical representation in solving problem with more
complex structure
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Picture 4. Recognized relations without algebraic strategy

?Dav,'c] (vd 52 4 Zaf(a =9

u:%ﬁl (5: LHp=R Zié)

N

For solving the problem with a more complex structure, students used two
arithmetic strategies: 1) the one in which solving starts from the equal sets (comput-
ing 84: 2) and moves to the difference between them (by adding and subtracting
10); and 2) the strategy that starts from subtracting the difference and then making
two equal sets. The second strategy was the strategy that led to the correct solution
in greater numbers than the first one (Table 11). On the other side, some students
who used the first strategy made one characteristic type of incorrect response. They
started by making equal sets (dividing the total number of elements by 2), then
added 20 to one set (Picture 5). They did not notice that the total number of ele-
ments does not fit the situation described in the problem. This solution shows that
students do not have a coherent mental representation of all relevant elements and
relations from the text of the problem (Hegarty, Mayer, Monk 1995; Pape 2003;
Van der Schoot et al. 2009; De Koning et al. 2017; Koedinger, Nathan 2004) and
that they do not apply modeling processes (Schwarzkopf 2007; Blum, Leiss 2007).

Picture 5. Incorrect the *start from equal sets’ strategy in solving problem with more complex
structure
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We can say that we confirmed the first hypothesis: students are more suc-
cessful in solving problems with consistent language formulation. The second hy-
pothesis is disproved: 1) There was no significant relationship between students’
achievement on the CL problem and students’ level of education; 2) We did not
find differences in achievement of 4th and 6th graders on the IL problem (4th
graders solved IL and CL better than 6th graders). The third hypothesis was related
to solving the problem with a more complex structure, and it is confirmed: there

45



Zelji¢ M. et al., The Understanding of Relational Terms...; UZDANICA; 2022, XIX; pp. 29-52

was a significant difference in the achievement between 2nd, 4th, and 6th-grade
students. Contrary to expectations, 6th graders did not use algebraic strategies in
solving the problem with a more complex structure (4th hypothesis), and there are
no differences in students’ choice of strategy depending on their level of education.
The most frequent mistake was the mistake in the understanding of relational terms,
and it was based on keyword strategy.

CONCLUSION

In this research, we investigated achievement on and strategies for solving
problems in which relational terms and language consistency are important. We
looked into the possible effect of age/grade on achievement on three problems:
the CL problem, the IL problem, and the problem with complex structure, which
integrates simpler compare and combine word problems. Our results are in accord-
ance with previous research, namely that students’ achievement is better on the
CL problem (with no difference between grades) than on the IL problem. There
is a statistically significant difference in achievement between 2nd grade and 4th
and 6th grade. However, there is no difference between 4th and 6th grade, which
implies that there is a need for instructional intervention regarding understanding
relational terms and problem-solving strategies. The most common strategy that led
to an incorrect solution was the superficial strategy of using the keyword method.
Students showed low achievement on the problem with more complex structure,
though there is a significant difference between grades, with 6th graders being the
best. Two solving strategies for this task stand out, one being the ’start from equal
sets’ strategy and the other ’start from the difference between sets’ strategy, out of
which the second strategy led to correct solution in more cases. Surprisingly, even
though this problem is suitable for algebraic solving strategy or using diagrams,
very few students used algebraic strategy, and only one student used graphical
representation to solve the problem.

Understanding the problem-solving process is a very complex issue. Aware-
ness of the different aspects of understanding and solving text problems can help
us identify students’ obstacles when trying to solve them. Instructions for under-
standing compare problems, which are based on verbal instructions and the use of
diagrams and schemes, are still being developed and have not been implemented in
educational practice. Several researchers have argued that the stereotypical nature
of word problems in traditional textbooks encourages students to use superficial
solving strategies, such as the keyword approach, without building an adequate
model of the situation described in the problem. Students need rich experience
with different semantic structures of tasks. The nature and structure of problems
affect how students reason and can limit or expand understanding of mathemati-
cal concepts. Only the systematic use of all types of tasks and the planning of the
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solving process as an application of mathematical modeling leads to the ability of
students to solve different types of mathematical tasks.
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VYuusepsurer y beorpany
Yuutemscku pakyiaTeT
Katenpa 3a MeToauky MaTeMaTuke

PABYMEBAGE PEJIALIMOHNX TEPMUHA V ITPOBJIEMUMA
[TOPEBEHA-KOMBMHABAA HA PA3JIIMUNTUM HUBOUMA
OBPA30BAIbA

Pesume: JenHo o IEHTpaTHUX UCTPAKMBAUKUX MUTAkba y MATEMAaTHYKOM 00pa3o0-
Bamby MOCIIEIBHX JelleHNja OUJIo je MUTame yHnoTpede TeKCTyalHuX mpodiema ca peaniu-
CTUYHHMM KOHTEKCTOM, TIOIITO Y HACTABM MaTeMaTHKe MMajy HMIMPOKY IPUMeHY. Y OBOM
pany OaBUMO ce pyiliuHCKUM EPOOAeMUMA KOJU MOTY JOIPHUHOCUTH Pa3BOjy KOHIENTYal-
HOT 3HaWa O OCHOBHMM PavyyHCKUM onepauyjama. Onpeneauim CMO ce 3a UCIIUTUBAbE
YCIICIIHOCTY YYeHUKa Ha MPOOJIEeMUMA KOjH HACTajy MHTErpalujoM IpodiemMa KOMOM-
HOBama 1 nopehema. Mako cy ode BpcTe npodieMa TeMesbHO HCTPaKeHe y JTUTepaTypHy,
HHMCMO HAUIIUIA Ha KCTPAXHMBaHa KOja ce DaBe yCIEeNHOINy yYeHnKa Ha WHTETr PUCAHIM
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podjeMrMa, Uako Cy OBAKBH MPOOJIEMU MPUCYTHU Yy YIIOSHHIIMMA U HACTABHO] IpaK-
cu. HbuxoB 3Hauaj je, OCMM IITO JONPUHOCE KOHIIENTYAJIHOM pa3yMeBawy Olepalivja,
y TOME IITO MOTY yKa3aTH Ha HMBO Pa3BHjEHOCTH pEJIAllIOHE TEPMHHOJIOTH]E KOJ yde-
HUKa, CTpaTeruje peliaBama npodjeMa, Kao U Ha CIPEMHOCT 3a YnoTpedy rpadpuukux

pernpeseHTanuja. MHaTerprcann npodiemn koMOMHOBamwa 1 mopehema Mory OuTH pasiu-
YUTUX je3UUKMX (popMyJallija U HUBOA KoMIulekcHOcTH. [Ipodiemu nopehema y oBoj

MHTErpalyju MOry OUTH KOH3MCTEHTHE M HEKOH3UCTEHTHE je3nuke (popmyrnarmje, JOK
podeMu KOMOMHOBamba MOTY JOTIPUHETH YCIOKEbaBaly CTPYKType mpodiema. Crora
CMO UCTPaKMBAJIM YCIEITHOCT yUYEHUKA Ha TPU pa3InuuTa TUIa npodsema: 1) npodiem ca
KOH3UCTEHTHOM je3MYKOM (popMyanujoM, 2) mpodieM ca HEKOH3UCTEHTHOM je3MYKOM

dopmynanujom, 3) mpodiem ca clI0KeHUjoM CTpYKTypoM. [IpeTxoaHa ucTpakuBama, Koja
Ccy ce daBMIIa UCTPAKMBAKHEM I10jeJMHAYHNX TUIOBA IPOOJIEeMa, NoKasana Cy Ja yIeHHUIH

MMajy HajBuIle MoTemkoha y pemasamwy mpodnema rnopehema, Kao 1 Aa Cy yCHelHuju y
pemaBamy npodiemMa nopehera ca KOH3UCTEHTHOM Y O/THOCY Ha HEKOH3UCTEHTHY je3UYKY
(popmynanmjy. PesynraTu npeacTaB/beHH Y OBOM pafy cy Aeo Beher nctpaxvBarma Yuju je
LIWJb /12 MCTIMTA JIa JIU CE PeJIallioHa TEPMHUHOJIOTH]ja (TEPMHHH ,,32 TOJIMKO BUINE” U ,,32 TO-
JIMKO Mame”) pa3Bhja ca HUBOOM MaTeMaTHYKOT 00pa30Bamka YUEHUKA 1 [1a YTBP/IH Aa JIN

0Baj pa3Boj MpaTu U Behu ycriex y pelaBamwy MpodsieMa ca KOMIUIEKCHUjOM CTPYKTYPOM.
Crora Haml y30pak YMHE YYEHHIM JIpyror, YeTBPTOr M IecTor paspena. VcrpaxkuBavka
NMTaba Ha KOja OJIroBapaMo y OBOM paJly OJHOCE Ce Ha pa3jiMKe y MocTuroyhuMa yueHuka
(mpyror, 4ETBPTOT M IECTOT pa3pea) Ha MHTErPHCAHUM IPOdJIeMIMa ca KOH3UCTEHTHOM

Y Ca HEKOH3MCTEHTHOM je3UYKOM (pOpMyJIaliijoM, Ha Be3y m3Mely yCIenHOCTH yUeHUKa
y pelaBamby OBUX MpodJieMa U BbUXOBOT y3pacTa (HUBOa MaTeMaTUUKOT 00pa3oBamba), Ha
Be3y n3Mel)y YCIeIIHOCTH yYeHHKa y peliaBamy 3a/JaTka ca KOMIUIEKCHAJOM CTPYKTYpOM

U BHUXOBOT y3pacTa, Kao M Ha CTpaTeruje U yecTe rpelike Mpy peliaBarwy OBHUX Mpodiie-
Ma. Y30paK y MCTpakvBamy Cy YMHWIN yYeHWIH IKkoja y beorpany, u To 44 y4yeHuka
Jpyror, 48 yueHHuKa 4eTBPTOr U 42 ydeHMKa IecTor paspena. Pesyntatu cy moTBpanIn

pe3yJTare MPeTXOIHUX NCTPAKUBaba — [ CY YUSHHUIIM YCTIETHU]H y pelaBary mpodiema
ca KOH3UCTEHTHOM HETO ca HEKOH3MCTEHTHOM je3WYKoM (popMyraimjom. MHTepecanTan

je pe3yJiTar Jia Hema pasiiMKe Y YCIIEITHOCTH y pelllaBary 33/1aTKa ca KOH3UCTEHTHOM

jesnukoM popmytaniijom u3Mely ydeHuka Apyror, 4eTBpPTOT U IECTOr pa3pesa — Ha Iie-
JIOM Y30pKY MpOCEYHa YCIEIIHOCT Yy pelllaBamby OBOT 3aaTka je oko 85%. To 3Haum na
oKko 15% yveHMKa Ha CBUM MCTPakMBAaHMM HMBOMMa 0Opa3oBara MMajy TMoTelKohe ca
pasyMeBameM pelallioHe TEPMUHOJIOTH]E Y HeHO] HajjeITHOCTaBHUjO] je3uUKOoj hopMy-
nauuju. Pesynraru cy Takohe nokaszanu aa Ha npodyieMy ca HEKOH3UCTEHTHOM je3MYKOM

(popmynanmjoM He TOCTOje pa3MKe y YCIEeITHOCTH M3Mel)y ydeHUKa YeTBPTOT U IIeCTOr
paspena, mTO MOXe ynmyhnuBaTi Ha 3aCToj y pa3Bojy pasyMeBama peslaliioHe TePMUHOJIO-
r'iije HaKOH yBohema anredpe y MaTeMaTH4KO 00pa30Bambe, a CAMUM THM U Ha MOTpedy 3a
BUIIIE MHCTPYKIIMOHMX MHTEPBEHIIMja Y HA OBOM y3pacTy. Pe3ysratu yyeHuKa Ha 3a1aTKy
ca CJIOKEHHjOM CTPYKTYPOM MOKa3aJIM Cy [a TIOCTOje pa3jiMKe y YCIEITHOCTH YUeHUKa Ha
pa3IMYNTUM HUBOMMA 0Opa3oBama. OYEeKMBAHO, HAJMAaHbe YCIICIIHN Cy OWJIM YYEeHHLN
Jpyror paspena, 3aTUM YeTBPTOT, JIOK Cy HajyCIEeIHNj1 OMIM YYSHHIH [IeCTOr pa3pera.
OueKnBaHO, yYEHMIIM APYTOT ¥ YeTBPTOI pa3pe/ia HICY KOPUCTHIIN anredapcke CTpaTeruje
pelaBama, a u3HeHahyjyhe je 1a HU yYeHUIM 1IecTor pa3peia HUCY KOPUCTUIIM aredap-
cke crpareruje. OBaj pe3yiarar noTeplyje MUIIUbeHhe MHOTHX ayTopa a Tpeda MHCUCTHpa-
TH 1 Ha aIredapckuM CTpaTerijaMa peliaBamba npodjieMa Hako yYeHHUIM yMejy 1a ra pele
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APUTMETHYKOM CTpPATerdjoM. AHAIM30M OJrOBOpa YUEHHMKA Ha OBaj 3aJaTak MPero3HaTo
je na je ,MeToj KJbyyHe peud” Hajuellhe BOJUO YUYEHHUKE Ka HETAaUHOM peliewy. Takohe
Cy Tpero3HaTe U JjBe CTpaTerrje pelaBama mpodiemMa — OHa Koja ,,[I0Na3d Off jeTHAKUX
CKyIOBa” U OHAa KOja ,,[I0JIa3u o]l pa3jiuke Mehy ckynmoBuma”, Ipu yemy je Ipyra crpate-
ruja y Behem Opojy ciydajeBa BoOuIa IIpeMa TAYHOM periery. Takohe, YIeHHIN HUCY
KOPCTHJIM CJIMKOBHE peIpe3eHTalllje y pellaBamy OBOI IIpodjeMa, Hako je mpodsiem Ono
TIOTro/IaH 3a BUXO0BO Kopuihewe. VcTpakuBauu cy paHHje PUMETHIIHN J]a CTEPEOTUTICKO
KopHIIhewe TeKCTyaTHUX MPpodJieMa Y TpaJULHOHAIHUM yIIOSHUIIMMA MTOACTHYE yIEHHUKE
Jla KOPHCTe MOBPUIMHCKE CTpaTerje pelaBarma, Kao MTo je MeToj KibyuHe peun. Cro-
ra je moTpedHO 0DOTaTUTH MCKYCTBA YYEHHKA Ca MPOOIEMUMAa Pa3InIuTe CEMAHTHUIKE
CTPYKTYpe, UMMe Ce yTHUe Ha MPOIEC IUXOBOI MUIIJbEHHa U pa3yMeBaba MaTeMaTHIKHIX
KoH1enata. CucteMaTcKOM yHoTpedoM CBHX BPCTa 33/1aTaKa 1 CTpaTertja Koje MpuMemyjy
NPOIEC MAaTEMATUYKOT MOJIEJIOBaba MOXE CE YTULIATH Ha TOoO0Jblame MocTuruyha yue-
HHKa Yy pelllaBarby CBUX TUIOBA MaTEMaTHUKUX ITpodJieMa.

Krnyune peuu: TeKCTyaHU podJieMu, IpoOIeM KOMOMHOBAma, MPodIeMH Hope-
Dema, cTpateruje pemaBama podiemMa, MaTeMaTHIKO 00pa30Babe.
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