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Drawing upon Fischbein’s theory of figural concepts, the starting point of the
paper is the use and value of the history of geometry in mathematics education. Fis-
chbein’s theory is mainly based on a hypothesis that geometry deals with mental en-
tities, the so-called geometrical figures, which simultaneously possess conceptual and
figural properties. Fischbein called the geometrical figures figural concepts because
of their nature. We shall analyze the internal tensions which, according to Fischbe-
in, may appear in figural concepts because of their double nature, developmental
aspects and didactical implications. In doing so, we have created a room for further
research, the goal of which will be to examine the pre-service primary school teach-
ers’ geometric reasoning regarding the correlation between figural and conceptual
properties of geometric objects in order to obtain a framework for creating didactic
situations in which a figure and a concept would merge into a unique mental object.
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THEORETICAL BACKGROUND

Drawing upon the theoretical framework of development of students’ geo-
metric thinking (Dreyfus, 2014; Doki¢ & Zelji¢, 2017), students’ geometric rea-
soning (Poki¢ & Zelji¢, 2017) and Fischbein’s theory of figural concepts (Fis-
chbein, 1993), the authors of the paper explore the use and value of the history
of geometry in mathematics education (Poki¢, 2017; Gulikers & Blom, 2001)
as the starting point in their research. The main hypothesis of Fischbein’s theo-
ry (1993) is that geometry deals with mental entities, the so-called geometrical
figures that simultaneously possess conceptual and figural properties. Fischbein
called the geometric figures figural concepts because of their nature. We shall an-
alyze the internal tensions according to Fischbein which may appear in figural
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concepts because of their double nature, developmental aspects and didactical
implications.

DEFINITION AND IMAGE

The relationship between a definition and an image is viewed differently
in empirical sciences and mathematics (Fischbein, 1993). In empirical sciences,
the definition is ultimately determined by the properties of the objects defined,
whereas in mathematics the definition, created directly or by deduction, is the
property of the corresponding objects. Therefore, the interpretation of the fig-
ural components of geometrical figures should entirely be subjected to formal
constraints. This idea is not always clearly understood and students often tend to
overlook it. The difficulty with manipulating figural objects lies in a tendency to
neglect the definition due to figural constraints which are the main obstacle to
students’ geometrical reasoning.

The First Aspect of Clarity: Figural Concepts — Conflict Situations

Fischbein offers an example how to help students cope with this type of con-
flict situation. Students may not be able to draw correctly the altitude of the trian-
gle ABC from vertex B (Figure 1), and they will draw BD instead, despite the fact
that they know the definition of the altitude of the triangle.

Figure 1: The problem with drawing triangle altitude according to Fischbein

The students should know the definition and solve the task by following it,
and not according to what they think they see in the image. Many similar exam-
ples should be systematically used in the classroom, so that the domination of the
definition over the image in interpretation of figural concepts becomes absolutely
clear to all students. Fischbein provides another example. In this task, students
have to compare the set of points in the segments AB and CD, and to resolve the
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conflict between two claims: that CD has more points than AB and the claim that
two sets of points AB and CD are mutually equivalent (Figure 2).

Figure 2: Comparing the sets of points according to Fischbein

The integration of conceptual and figural properties in a unique mental
structure, with the predominance of conceptual constraints over the figural ones,
according to Fischbein is not a natural process. Fischbein claims that “the process-
es of building figural concepts in the students’ minds should not be considered a
spontaneous effect of usual geometry courses” (1993, p. 154-156). This process
requires teachers’ continual, systematic, and committed involvement. Conflict sit-
uations should serve to teach students how to follow carefully the requirements
set in definitions, which sometimes can run contrary to what the images seem to
represent (or impose).

The Second Aspect of Clarity: Figural Concepts — the Concept of Locus

Fischbein asks a question whether a circle is only an image (i.e. a spatial
representation). According to Fischbein, its existence and properties are im-
posed by an abstract, formal definition. For this reason, he proposes that the cir-
cle should be treated as a figural concept. Let us determine the correspondence
of the points of the circle and then define it metrically or algebraically. All the
points of the circle are equidistant (radius r) from point C (the center of the cir-
cle) and all the points equidistant from C are situated on the circle (see Figure 3).
Algebraically, this is expressed by the following formula: (x — g)2 + (y— p)2 = r2.

Figure 3: Comparing the angles directly and figurally according to Fischbein
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Let us select two points, A and B, on the circle, and draw several angles over
the tangent AB, with vertices M, N, and P (forming triangles AMB, ANB, and
APB). It is difficult to compare the triangles directly and figurally (by relying on
the image). The angles seem to be different. However, there is a theorem stating
that all peripheral angles over one tangent, on the same side of a circle, are equal
(Eudemus of Rhodes, 370 BCE - 300 BCE, philosopher, considered to be the first
historian of science, believed that the theorem had been put forward by Thales
of Miletus, 624 BC - 546 BC). Therefore, the three angles with the vertices M, N,
and P are also equal. We are dealing here with figural concepts where all parts
of the image (angles, sides, points, the circle, the arc) are simultaneously images
and concepts (images are controlled by their definitions). However, it is obvious
that in the process of reasoning the image cannot provide an answer to the posed
question. The equality of the angles is determined by the theorem. Therefore, we
can conclude that the image can lead to incorrect reasoning (drawing conclu-
sions). All the vertices of the angles are placed on the same side of circle, with their
vertices passing through the points on the circle (and have the same magnitude as
an angle whose vertex lies on the circle). Fischbein believes that confronting fig-
ural impressions with formal constraints improves conceptual control and stimu-
lates the merging of figural and conceptual constraints.

Logic and Image Should be Inseparable in GeometricReasoning

Logic and image should be inseparable in geometric reasoning, which the
example of the locus problem clearly illustrates. Figural elements become a part
of the process of drawing logical conclusions as if they themselves were the right
example of the concept. Even if some discrepancy appears, it is usually due to
the fact that the figure does not comply to the requirement, under the specific
influence of the logic. Serbian well-known mathematician, Mihailo Petrovi¢ Alas
(1868-1943) (Deji¢, 2001, 2013), explored this problem area at the end of the
19th and the beginning of the 20th centuries. He proposed several situations that
teachers should use when helping students to develop geometric reasoning when
drawing geometrical figures.

Mihailo Petrovi¢ Alas - Example

Deji¢ observes that Petrovi¢ used several examples to demonstrate “how
a small, and seemingly irrelevant incorrection, that is often impossible to spot
while drawing, leads to the entirely wrong and incorrect geometrical conclusions,
despite the fact that the given image is interpreted most correctly and accurate-
ly“ (2001, p. 615-618). Deji¢ offers an interpretation of the history instruction of
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Petrovi¢ (see Figure 4). Let us assume that AFB is an angle. Then we draw perpen-
diculars from the points A and B, located on the sides of this angle. Point C is their
intersection. Then we draw a circle through the points A, B, and C. The points D
and E are the intersections of the circle with the sides of the angle AFB.

C

Figure 4: Incorrectly drawn image according to Mihailo Petrovi¢ Alas

As the angle DAC is a right angle, the line DC is one diameter of the circle,
and O is the center of the circle. Because EBC is a right angle, EC is one diameter
of the circle, and O’ of the diameter is also the midpoint of the same circle. The
conclusions drawn from the image are apparently correct. It turns out that this
circle has several centers. Then where was the mistake made!? If we had drawn
the image correctly, we would have noticed that the circle must pass through the
point E and not through the points D and E on the sides of the angle. In that case,
the points D and E coincide with the point F, both parameters coincide with the
diameter CF, and both centers fall into one point, in the real center of the cir-
cle. Deji¢ (2001) interprets Petrovi¢’s conclusions in the following manner: 1. by
applying right reasoning, the incorrect result was obtained from the incorrectly
drawn image and 2. to avoid serious mistakes, drawing should be as precise as
possible. Precise drawing enables us to see the details that we otherwise would not
pay attention to, such as the intersection of straight lines or arcs in the same point.

Fischbein's Commentaries on the Above-Mentioned Issues

According toFischbein (1993), students have to learn to mentally manipu-
late geometric objects and at the same time to apply operations with figures, log-
ical correlations and operations. These mental activities involve the completion
of the following tasks:1. drawing an image by unfolding a geometrical object and
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obtaining a folding (observed in reality or mentally represented), 2. identifying a
geometrical object that can be created by imagining a bi-dimensional image, and
3. asking students which edges of a geometric object will match (fold) when the
three-dimensional object is reconstructed. It is relatively easy to determine that
Figure 5 represents the unfolding of a cube. It is more difficult to see (imagine)
that the marked edges (sides 4 and 5 marked by arrows in Figure 5) also meet in
the folded cube.

a4

Figure 5: A possible shape of an unfolded cube according to Fischbein

Identifying an unfolded cube in Figure 6 would be even a more complex task.
Similarly, it is not easy to realize that the marked edges (sides 1 and 6 marked by
arrows in Figure 5) match in the reconstructed cube.

6

[

o1

Figure 6: Another possible shape of an unfolded cube according to Fischbein

Fischbein further elaborates on the contribution of figural manipulations
and logical operations. Images and concepts are generally considered to be sep-
arate categories of mental activities. When different types of mental transforma-
tions of three-dimensional objects are explored (such as rotation or folding and
unfolding of figures), we realize that students deal with these operations as if they
were of purely pictorial nature. But this is not true and it cannot be true because
we are dealing with the sides of the cube (the examples provided above) with the
edges of equal length, all the sides are squares, there are right angles, etc. This is all
tacit knowledge which is implied in performing mental operations. Without such
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tacit conceptual control, the entire operation would be meaningless. Figural ma-
nipulation and mental logical operations contribute to the understanding of the
concept and represent an “excellent opportunity for training the capacity of han-
dling figural concepts in geometrical reasoning® (Fischbein, 1993, p. 157-159).
According to Fischbein, the aim of such training would be the improvement of the
following capacities: a constructive cooperation of figural and conceptual aspects
of the activities for problem solving; coordination among as many figural-concep-
tual items as possible; organizing mental processes by using meaningful sub-units
to reduce memory overload and anticipation; and, anticipating and connecting
all the changes on the road to the final solution. Images and concepts interact in
a cognitive activity (of children or adults) by cooperating in some situations or
confronting one another in some other situations. However, the development of
figural concepts is not a natural process. One of the main reasons why the topics
related to geometry are so difficult in the school curricula is that figural concepts
do not develop naturally, according to their ideal forms. For this reason, we rec-
ommend the formation of different types of didactical situations requiring a strict
cooperation between an image and a concept that would result in their merging
into one and unique mental object.

Didactical situations that would result in merging images and concepts into
unique mental objects

These situations include: 1. tasks involving distances and, conversely 2. tasks
where the patterns of the figures are naturally inclined not to follow conceptual
constraints (resulting in tensions), or 3. tasks involving folding and reconstruc-
tion where the cooperation between logical requirements and figural concepts is
very difficult. For this reason, our paper is aimed at identifying and finding such
situations in the work with pre-service primary school teachers, such as the exam-
ples of correct and incorrect reasoning in geometry tasks provided in Appendices
A-D.

TOPICS FOR FURTHER RESEARCH

The goal of our research will be to examine the correlation between figural
(pictorial) and conceptual properties of geometric objects. The research objectives
have been formulated as follows: 1. To investigate whether the figural (pictorial)
structure dominates in the geometric reasoning of the pre-service primary school
teachers over the formal conceptual constraints, and 2. To identify the situations
in which the domination of one of the two properties occurs-the figural (pictori-
al) structure and the corresponding formal conceptual constraints.
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