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KOMIIETEHIIMJE YYUTEJ/bA 3A KOPUIT'REILE
PEITPESEHTAIIMJA Y HACTABU MATEMATUKE

VBop

Ha xoju HauMH yunTe/by BU3YeTHO NIPefiCTaB/bajy allCTPaKTHe MaTeMaTUIKe
nojMoBe 1 mpasuna? IlosHaBamwe pasnMUNTUX pelpe3eHTallyja jecTe eleMeHT
da3nyHMX 3HaWa HacTaBHMKA 1 yueHMKa (Arcavi, 2003, Janvier, 1987, Sfard, 2003).
ApxaBu odjammaba (QyHKIMje BU3YeTHNUX pelpeseHTalyja 1) Kao MOApUIKY U
WIYCTpanyjy cUMOOMMYKNX pelpe3eHTalyja, 2) Kao CPeACTBO 3a pellaBame
KOoH(puKTa M3Mehy MHTYUTMBHUX UM QOpMaNHUX pellema U 3) Kao CPefCTBO
3a IpoAyd/beHO pasyMeBaibe IIOjMOBA. BusyenHe pempeseHTaluje MOry OMTH
HoCMaTpaHe Kao BPCTa ,KOTHUTUBHMX opybha®

BusyenHe pemnpeseHTaluje 1ojMoBa, IOCTyIIaKa, IpodieMa JOHOCE HOBe
13a30Be 32 HACTaBHUKe jep IOfjpa3yMeBajy pa3Bujambe CIIOCOOHOCTY IpeBohema.
Kapa HacTaBHUK 3Ha Kako jja TpaHchOpMIullle 3Hambe Y GOpMy pasyM/bUBY 3a
y4YeHUKe, TO 3Hame I0CTaje eJleMeHT MeTofuykor 3Hama (Livingston & Borko,
1990). 3dor Tora je pasymeBame M Kopuihemwe penpeseHTalyje jegHA Off
K/bY4YHVX TeMa Y MeTOAMIM HacTaBe MateMaTuke. fonauu u ltennrong (Goldin
& Shteingold, 2001: 9) odjaimasajy ma:

»EQUKacHO MaTeMaTN4YKO MUIbehe YK/bydyje pasyMeBame offHoca Meby
PasIMYUTUM pelpe3eHTalljaMa JCTOT TI0jMa, Kao ¥ CTPYKTYPHUX CIMYHOCTU U
pasnuka nsMely pernpeseHTaIIOHNX CUCTEMA.

PasnukyjeMo HeKONMKO HMBOAa METOAMYKMX KOMIIeTeHIMja Be3aHMX 3a
penpeseHTanuje: (1) IO3HaBame Ppa3IMUYUTUX pelpe3eHTalyja II0jMOBa MU
nporenypa, (2) pyHKIMOHATHO 3Halbe KOpUIIhemha pasINunTIUX perpe3eHTalmja
y pemaBamy mnpodmeMa, (3) QYHKIMOHATHO Kopuinheme pasIMINTUX
pelpe3eHTanMja y HOCTaB/bamby IpodieMa, (4) pasyMeBame pelpe3eHTalja Kao
AMAAKTUYKNX CpeficTaBa y HacTaBu. KommeTeHIyja yunrespa ja TpaHcopmuiie
3Halbe OJHOCU Ce OMPEeKTHO Ha NNTame pelpe3eHTalllja, jep je Be3aHO 3a
CIIOCOOHOCT HaCTaBHUKA JIa CafjpyKaje MPeICTaB/ba Y PA3ININTIM OOIMIIMMA.

PenpesenTanuje ce y HacTaBM KOPICTe 3a: IPENIO3HaBabe eleMeHaTa Ipolieca,
pasyMeBame peraniyja, OTKpMBatbe, TPyINcame, peOpraHn3oBamwe NHPopMaIyja,
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peraBame npodnema y3 tpancdep u namheme. Kanyt npumehyje na pasymeame
alCTPaKTHMX MAaTeMaTHYKUX Mjeja IIOfpasyMeBa IIPEllO3HABAIbe HUXOBUX
HajOUTHUjMX 0cOOMHa y pasmumanTuM pernpesentanyjama (Kaput, 1991).

Jeman op HauMHA [ja ce IOMOTHE Y4YeHMIMMA Jja IIOCTaHY CUTYpPHU Y
Kopumhewy pasIMYUTX pelpe3eHTallMja y pelllaBamy IpodieMa jecTe Jja MX
CYOUMMO Ca pas/IMINTIIM pelpe3eHTaljaMa y nocTaBiy npodiema. Ppuaiennep
u Tadaunm (Friedlander & Tabachy, 2001) TBpme ma ympaBo MOCTaB/bambe
Pas3IMYNTUX MPOIEMCKIX CUTYaLja y3 Bapypapaibe pelipe3eHTaluja IMoACTIYe
brekcuOMIHOCT y M3d0py penpeseHTalnyja Mpy pelaBamy mpodmema. Amm, y
IIpaKCy, HACTaBHMUIIM PETKO pasMarpajy pasauuuTe pemnpeseHTanyje, a joll
pebe mmrame permpeseHTanuje MCTMYY Kao 3HadajHO. Jlako ce cmarpa ga cy
perpeseHTalyje 3Ha4YajHe 32 pasyMeBaibe y MaTeMATUIV, UCTPaKIBaba TIOKa3yjy
Jla HACTaBHMIY HNUCY YCHEIIHM Y Kopuiuhewy CIVKOBHUX pelpe3eHTalyja
nojmosa (Ball et al, 1990). Petko he HacTaBHMIM IPUMEHNTN peNpe3eHTAIjy Y
/by TI0jalllbaBabka II0jMa MIIV IIPUIMKOM pelllaBama Ipodiema.

Mertoponoruja ucTpakxupama

Harme ncrpaxupame noceheHo je mpoy4yaBamy kopuinhema perpeseHranyja
Be3aHNUX 3a MHOXeme. PaHmja ucTpaxmpamwa yTBpawiIa cy cnegehe Bpcre
perpeseHTallja MHOXKEHA: CKYIIOBHA, jefIHAKMX TpyIia, BUIIETAHYAHU MOJET,
JlexapToB mpomsBox, OpojeBHa IpaBa, Mofien IpaBoyraonuka (Skemp, 1971,
Greer, 1992, Battista et al., 1986, Anghileri, 2000). IIpumeTnmo na akiyona, Benos
[ivjarpaM, BUIIECTPYKV JIAHIIN, dpojeBHa ITpaBa 1 dpojeBHa C/IMKa BU3YEITHO YKa3yjy
Ha JJejy Ipynucama, OGHOCHO fla MHOXeme y MaahuM paspenuma mocMarpamo
Kao TIOHOB/beHO cadupame. [Ipyre 2D pernpeseHTanyje, Kao ITO Cy BUIIECTPYKN
JIaHIY, TI0/be TPaBOYTAOHMX II0/ba, IIPABOYTAaOHa MOBPII, 0dmacT y JJekapToBoM
KOOPJJMHATHOM CUCTEMY BU3Y€/THO YKasyjy Ha CBOjCTBa oOIlepalije MHOXKea,
Kao ILITO je HIIp. KOMYTAaTMBHOCT. MeTofm4apy cMaTpajy [a je BUIIeTaHYaHU
MojiesT TocedHO TIOrOaH 3a aHa/IM3Mparbe 0COOMHA OIepalyje MHOXKemwa (Skemp,
Anghileri, Barmby). Panuje je ykasaHo Jja CTY[eHT! IIPEIIO3Hajy pelpe3eHTalyje
3aCHOBaHe Ha IPYINCamby Kao BU3YeTHO IPUXBAT/BUBIjU MOJIEN 32 YBODembe mojMa
MHOXXeHa Kao IOHOBJbeHOT cadupama (Barmby & Milinkovic, 2011). YTBpheHo je
ia cTyfieHTH He dupajy 2D penpeseHTaluje 3a ylo3HaBame CBOjCTaBa MHOXKEH,
a BUIIeJTAHYaHM MOJIe/I U IIPaBOyTaoHe IIOBPIIN 32 IIpeJicTaB/batbe IIPOMEH/bYBIX
(Barmby and Milinkovic, 2011).

Y ucnutuBamy je ydecTBoBao 81 yumresb, CIyd4ajHO M3adpaHM YYECHUK
Cadopa yunrerpa.

TexHMKOM yIMTHMKA Cy UCHUTUBaHe clefiehe KoMmeTeHLuje cTyeHara: 1)
IIperno3HaBaibe pelpe3eHTallja MHOXKEha I CBOjCTBA 3aMeHe MeCTa YMHIIIALA;
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2) xopumiheme pasIMYMTUX pelpe3eHTalMja y IIOCTaB/bamlby mHpodnema. Y
YIUTHUKY ce Tpaxmno ja ce (Q1) Hanpra pemnpeseHTtanyja npomssopa “3-47;
(Q2) naupra pemnpesentanuja npomssopa ‘a-b”; (Q3) Hampra penpeseHTanuja
3a “3-4=4-3”; na ce (Q4) Haupra penpeseHTanmja nmpoussoga ‘a-b=b-a” u ga ce
BU3YeJTHO MPeACTaBy 3aINC ,,(5+3)-2 = 5:2 + 325

Pesynratu

OznroBopu MCIUTaHNKA CY Ay epeHpaHN y ieceT KaTeropuja GopMUpaHux
Ha OCHOBY IIPEIMMIHAPHOT Tpernefama, of R1 1o R10. Ersemmnmapan ofrosopn
Koju npnnauajy OBUM KaTeropujama cy npukasanu Ha Ciauin 2.
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Cnuxa 2. PenipesenTanyje MHOXemba R1-R10

VpentndpukoBane cy cnemehe kareropuje pempeseHTaluje MHOXeHa:

P1 - akunumona, P2 — Benos gujarpam, P3 — Bumectpykmu nmannu, P4 - mome
IpaBOYraOHMX II0/ba, P5 — mpaBoyraoHa mospi, P6 — dpojeBHa mpasa, P7 -
odnacty [lekapToBoM cuctemy, P8 —cumdommuka penpesenranuja (popmyna), P9
- dpojeBHa cnuka, P10 — momuHo penpesenTanyuja. Heke of HaBejeHMX BU3YeTHUX
pemnpeseHtanyja yodudajeHe cy y ypdeHmuuma (akiuoHa, BeHOB amjarpam,
dpojeBna mpasa). Heke ipyre, Kao ITO Cy IpaBOyraoHa MOBPII 1 OpojeBHa C/IMKa
Cy HoCedHO MCTaKHYTe y OKBMpPY MeTopuKe. Ha mpumep, ,,ipaBoyraoHa mospur‘ ce
9eCTO KOPVCTHU KOJl FeOMETPMjCKMX METO/la PelllaBarba apUTMETUIKIX 3a/laTaka.
Ha Ciunu 3 npukasaHa je 1 HeIpUXBaT/bUBa pelpe3eHTanja (ca MaTeMaTU4Kor

CTAQHOBMIITA) KOjy Cy IPEIIOKIIN HEKN YIUTEIbH.

Cnuka 3. Hempuxsat/biBa pernpeseHTaryja 3a ,,a-b"
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Pesynrartu ucnnrusama cy npukasann radenapso (Tadena 1). Yowsuso je
Ia je KOfl y4uTe/ba HajBUIIE 3aCTyIUbeHA perpesdeHTannja P3 — ,BumecTpykux
JaHana’

Tadenal.
3dop penpeseniniayuje ipema uuitiaroy

Q1 Q2 Q3 Q4 Q5
RO 1 60 3 58 10
R1 9 3 8 2 9
R2 39 2 14 2 20
R3 29 3 48 2 28
R4 0 5 3 5 1
R5 0 3 0 5 0
R6 2 2 0 4 2
R7 0 1 0 1 0
R8 0 2 0 3 1
R9 1 0 1 0 0
R10 0 0 4 0 10

Mebytum, yaurebu penarusao yecto OupajynPl,,cKkynoBHy “ pernpeseHTanujy
Koja je m3adpana y 19% onrosopa. YowsMBO je [ja yIUTe/bU Y 3HAYajHO] Mepu
ozidujajy MOryhHOCT BM3yeTHOT IpeICTaB/batba CUMOOMYKY JATHX IIPaBIJIA.

[IperpynucaBameM TIOfjaTaka youMIM CMO [la YYMUTE/bU IIPENO3Hajy
pasnMuuTe CTelleHe alCTPAaKTHOCTM y NuTamuMa. [pymmcameM 3agaraka IIo
aIlCTPaKTHOCTY JlodMjeHa je C/MKa Koja ykasyje Ha TeHAeHIUje y m3dopuma
(Cnuka 4). Tlokasano ce fa y4mTe/by UCTe HauyMHe IpeACTaB/baiba OMpajy 3a
NyUTamka MOCTaB/beHa Ha MICTOM HMBOY ancTpakTHocTu. IImrama Q1 m Q3 ce
opiHOCe Ha ofipebene dpojeBe, I1a, 6e3 0031pa Ha YMIHLEHNUILY [a Ce jeHO Off IUTarba
OJJHOCM Ha II0jaM MHOXX€Iba, & IPYTY Ha IIPABM/I0O KOMYTaTUBHOCTY M3Pa’keHO Ha
KOHKPETHOM IIpMMepy dpojeBa, yunTe/b) UX TPETUPAjy Ha CIMYAH HadMH.

Victimtanniu cy cMatpany fja Cy Tajia HajIOTOJHMje IIpefcTaBe IIoMohy:
BUIIECTPYKNUX JIaHAI[a, BeHOBOTr fujarpaMa 1 T3B. ,aKIMOHMX ~ CIMKa (OZHOCHO
CIMKA U3 PeaTHOT OKPY’Kema).
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Crnuxka 4. 3dupHa 3aCTyIUbeHOCT penpeseHTanyja 3a mutama Q1 n Q3,
ogHocHO Q2 n Q4.

Y nuramuma Q2 n Q4 ce nmojaBbyjyjy cIoBa Kao O3HAKe 33 IIPOMEH/bUBE,
Te UX Y4YMTe/bU IIpefcTaBbajy Kopucrehm wucry penpesenranujy. Ilpema
pesynratuMa, BehyHa y4ymre/ba OfIy4mia ce Ja 3a TakBa IUTama He usadepe
HYje[IHY ,,BU3YeIHY  pelpe3eHTallljy.

ucKycuja u 3aK/bydIu

bpojHocT penpeseHTanmja Koje Cy IpOAYKOBaaM yYMTEHM yKasyje Ha
MOTyhHOCT IpoOHa/laKewa aJTepPHATMBHMX BUJOBA IIpefiCTaB/baiba IIOjMOBA Y
IVJBY HOCTM3ama Ayd/ber pasyMeBama U (GIeKCUOMIHOCTY MULUbewa. VInaxk, y
BehuHM crydajeBa yumTe/py KOpPUCTE CaMoO JIBe pelpe3eHTallje: BUIIeCTPyKe
naHIe u BeHOB AujarpaM, npy ToM He yBa)kaBajyhm pasnmunTocT 1mojMoBa Koju
ce pa3Marpajy. Y HallleM y30PKY, pe3y/ITaTu yKasyjy fia je u3dop pernpeseHTanyja
II0BE3aH Ca HUBOOM aIICTPAaKTHOCTH Cafip>kKaja, a He Ca 3HaYereM I1ojMa.

Pesynratu ocBer/baBajy He caMO KaKO YYMTE/bM BM3YETHO carjefaBajy
onepalujy MHOXemwa, Beh pediexTyjy M MMIUIMINMTHE CTaBOBE y4mUTe/ba O
OTPaHMY€HO] KOPMCHOCTU BU3YeIHUX pelnpeseHTanyja. Vicnuranm y4ureby He
yBubajy KOpMCHOCT BU3Ye/THOT IIpeCcTaB/batba 3aliica ca mpoMeH/pyBuM. byayha
VICTpa)XXMBaba OJ MOIJIA la/be VICHUTATH Hallle Hajlase.

AnHanusa  pesynTaTa  MCTpaXkKuBama OTBapa INMTalbe  PEIATMBHO
HepasBUjeHUX KOMIIeTeHIMja yuuTeba y Kopuinhemwy perpeseHTanmja, dyume
je ocmadmena MoryhHoOCT yumre/pa ja ajjeKBaTHUM M300OPOM pelipeseHTalyje
IIOMOTHE yYeHMIIMMa y ydery MaTeMmaryke. CTora je HEOIIXOIHO PasMOTPUTHU
HaudJHe pa3BMjarba TUX KOMIIETEHIIN]A.
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Kmwyune peuu: yunmTe/bcke KOMIIETeHIMje, peIpe3eHTaluje, HACTaBa,
MaTeMaTIKa, MHOXEbe.
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Jasmina Milinkovi¢
University of Belgrade, Teacher Education Faculty

TEACHERS COMPETENCIES IN USING
REPRESENTATIONS IN TEACHING

Introduction

In which way do teachers visually represent abstract mathematical concepts
and rules? Competence in using different representations is an element of basic
teachers' and students' knowledge (Arcavi, 2003, Janvier, 1987, Sfard, 2003). Ar-
cavi explains the functions of visual representation 1) as a support and illustra-
tion of symbolic representation, 2) as a means of resolving the conflict between
intuitive and formal solutions, and 3) as a tool for in-depth understanding of the
concepts. Visual representations can be viewed as a kind of “cognitive tools”

Visual representations of concepts, procedures, problems bring new chal-
lenges for teachers because they encourage the development of the ability of trans-
lating. When a teacher knows how to transform knowledge into a form under-
standable for students, this knowledge becomes an element of didactic knowledge
(Livingston & Borko, 1990). This is why understanding and using representations
is one of the key issues in the didactics of mathematics. Goldin and Shteingold
(Goldin, G. & Shteingold, 2001: 9) explain that:

“Efficient mathematical thinking involves understanding the relationships

between different representations of the same concept, as well as the struc-

tural similarities and differences between representational systems.”

Several levels of methodological competencies related to representation can
be distinguished: (1) knowledge of the different representations of concepts and
procedures, (2) functional knowledge of using different representation in solving
problems, (3) functional using different representation in posing problems, (4)
understanding representations as didactic tools in teaching. Teachers' compe-
tence in transforming knowledge is directly related to the question of representa-
tion, because it is related to the ability of teachers to represent contents in various
forms. The representations are used in teaching in order to: identify the elements
of a process, understand relations, uncover, group and reorganize information,
solve problems using transfer and memorize.

Kaput suggests that understanding abstract mathematical ideas requires
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identification of their most important features in a variety of representations (Ka-
put, 1991).

One way to help learners to become confident of using different representa-
tions to solve problems is to confront them with different representations of a
problem. Friedlander & Tabachy (Tabachy & Friedlander, 2001) argue that con-
fronting students with different problem situations through variations of repre-
sentations encourage flexibility in using different representations for problem
solving. But, in practice, teachers rarely use different representations, and even
do not consider the question of representation as a significant one. Although it
is considered that representations are important for understanding mathemat-
ics, research works show that teachers do not have enough competence in using
pictorial representations of mathematical concepts (Ball et al, 1990). Using rep-
resentations for the purpose of clarifying a concept or solving a problem is very
rare in teaching.

Research Methodology

Our research deals with using representations in teaching multiplication.
Previous research works identified the following types of representations of mul-
tiplication: set representation, equal groups representation, array model, Carte-
sian product, number line representation, rectangular model (Skemp, 1971, Greer,
1992 Battista et al., 1986, Anghileri, 2000). We can point out that action represen-
tations, Venn diagrams, multiple chains, number lines and numeral representa-
tions imply the idea of grouping, i. e. the idea that multiplication can be explained
as repeated addition in lower grades of elementary school. Other 2D representa-
tions, such as multiple chains, a rectangular box, a rectangular surface, an area in
the Cartesian coordinate system visually reflect the properties of multiplication, e.
g. the commutative laws. Methodologists believe that the array model is particu-
larly suitable for analyzing the properties of multiplication (Skemp, Anghileri &
Barmby). Earlier research works showed that students identified representations
based on grouping as a visually acceptable model for introducing the concept of
multiplication as repeated addition (Barmby & Milinkovic, 2011). It was found
that students do not choose 2D representations for learning the properties of mul-
tiplication, and do not choose array models and rectangular surfaces for repre-
senting variables (Barmby & Milinkovic, 2011).

The research involved 81 teachers, randomly selected participants of the Teach-
ers seminar. A questionnaire was used to examine the following competencies of the
participants in the research: 1) capability of identifying representations of multi-
plication and properties of changing the order of the factors; 2) capability of using
different representations in setting up a problem. The questionnaire contained
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the following tasks: (Q1) make a pictorial representation for “3 - 4% (Q2) make a
pictorial representation for “a - b”; (Q3) make a pictorial representation for “3 =4
4 - 3”; (Q4) make a pictorial representation for “a-b =b - a” and visually represent
“5+3)=5-2-3.2+27
Research Results

The responses were grouped in ten categories formed on the basis of a pre-
liminary examination, from R1 to R10. Some exemplary responses that belong to
these categories are presented in Figure 2.
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Figure 2. Representations of multiplication R1-R10.

The following categories of representation of multiplication are identified:
R1 - action representation, R2 — Venn diagram, R3 — multiple chains, R4 - rect-
angular box, R5 - rectangular surface, R6 - number line, R7 - Cartesian coor-
dinate system, R8 — symbolic representation (formula), R9 - number picture,
R10 - domino representation. Some of these visual representations are common
in textbooks (action representation, Venn diagram, number line). Some others,
such as rectangular surface and number picture are taught to students within the
course of Didactics of teaching mathematics. For example, a rectangular surface is
often used in solving arithmetic problems by using geometric methods. The Fig-
ure 3 shows an unacceptable representation (from a mathematical point of view)
as proposed by some teachers.
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Figure 3. Unacceptable representation for “a-b “
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The research results are shown in the Table 1. It is evident that teachers most
often use representation R3 - “multiple chains”

Table 1.
Choice of representations by questions.

Q1 Q2 Q3 Q4 Q5
RO 1 60 3 58 10
R1 9 3 8 2 9
R2 39 2 14 2 20
R3 29 3 48 2 28
R4 0 5 3 5 1
R5 0 3 0 5 0
R6 2 2 0 4 2
R7 0 1 0 1 0
RS 0 2 0 3 1
R9 1 0 1 0 0
R10 0 0 4 0 10

However, teachers relatively often choose R1, a “set” representation, which
was chosen by 19% of participants. It is evident that teachers rejected the possibil-
ity of a significant degree of visual representation symbolic applicable rules.

Rearranging the data, we have noticed that teachers identify the different
levels of abstraction in the questions. Grouping tasks by the level of abstractness,
different ways of making choice were identified (Figure 4). It turned out that
teachers choose the same to ways to represent the tasks which are at the same
level of abstraction. The questions Q1 and Q3 are related to specific numbers, and,
despite the fact that one of the issues relates to the very concept of multiplication,
and the other to the commutative law represented by specific numbers, the teach-
ers treat them similarly. The examinees considered the following representations
to be the most appropriate: multiple chains, Venn diagrams and so-called “action”
models (or images from the real world).

In questions Q2 and Q4 letters appear as symbols for variables, and teachers
represent them using the same kind of representation. According to the results,
most teachers decided to choose none of the “visual” representations in doing
these tasks.
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Figure 4. Cumulative choice of representations for questions Q1 and Q3, Q2 and Q4.
Discussion and Conclusions

Number of representations produced by teachers indicate the possibility
of finding alternative forms of representations of concepts in order to achieve a
deeper understanding and flexibility of thinking. However, in most cases, teach-
ers use only two representations: the array (multiple chains) representations and
Venn diagram, not taking into account the diversity of concepts in question. The
results of our research suggest that the choice of representation is related to the
level of abstraction of a content, and not to the meaning of a term.

The results shed light on not only how teachers visually perceive the op-
eration of multiplication, but also reflect the implicit attitudes of teachers about
limited usefulness of visual representations. The teachers who participated in the
research do not understand the usefulness of visual representations of a notation
with variables. A further research is needed to analyze these findings in details.

The analysis of the research results raises the question of relatively under-
developed teachers’ competencies in using representations, which weakens their
capability to help students learn mathematics. It is therefore necessary to consider
ways of developing these competencies.
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